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There are no known general methods for solving the system of nonlinear 
partial differential equations which characterizes steady nonviscous nonheat- 
conducting compressible fluid flow in the absence of external forces. Some 
classes of solutions have been obtained, however, upon making simplifying 
assumptions. Certain of these assumptions are that the flow is incompressible 
and irrotational [l], the flows are supersonic plane flows [2], or that pressure 
is constant on streamlines [3]. 
One of the objectives of this paper is to obtain a class of plane flows 
assuming only that the pressure is not constant on the streamlines. In order 
to attain this objective we reformulate the system of partial differential 
equations, referred to in the first paragraph, using intrinsic methods which 
have been used by numerous other authors [3-91. Then, a particular coordi- 
nate system is introduced in order to obtain entropy, speed and pressure 
explicitly in terms of these new coordinates. 
THE SYSTEM OF EQUATIONS 
We now consider the system of partial differential equations mentioned 
above which characterizes steady nonviscous nonheat-conducting flow of a 
compressible fluid, assuming a separable equation of state of the form 
where p is density, p is pressure, 7 is entropy, and P(p) and S(v) are given 
functions of p and 7, respectively. Letting vi and Vi denote velocity and 
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covariant differentiation respectively, this system of equations may be written 
as (4 
VipVi = 0, (2) 
VTiVj = (- 1 /p) vjp, (3) 
viv,s = 0. (4) 
Since p may be eliminated from system (A) through the equation of state, 
it may be considered as a system of five equations in five unknowns, namely, 
the three velocity components, p, and S. 
REFORMULATION OF THE EQUATIONS 
We begin the aforementioned reformulation of system (A) by replacing p 
by PS and vi by qti, where ti denotes a unit tangent vector to a streamline. 
Then expanding the equation of continuity (2), and using a well known form 
[lo] of the equation of motion (3), these equations are replaced by the follow- 
ing two equations in which K is the streamline curvature and nj denotes the 
unit principal normal to the streamline. 
Viti + tiVi In PSq = 0, 
PSq2K?lj + PS[tiVi(q”/2)] tj = - Vjp* 
(5) 
(6) 
Under the assumption that pressure is not constant along streamlines, we 
choose three families of coordinate surfaces consisting of the family of surfaces 
on which the pressure is constant and two distinct families of stream surfaces. 
Then we let x1 = p, x2 be constant on each member of one family of stream 
surfaces, and x3 be constant on each member of the other family of stream 
surfaces. Use Ni to denote a unit normal to the family of stream surfaces on 
which x3 is constant and ‘d to denote a vector cross product of Ni and ti 
such that ti, V, N” form a right hand orthonormal system. 
Taking the components of (6) relative to the orthonormal system of vectors 
and realizing that the expression StiVi(q2/2) may be written as tiVi(Sq2/2) (see 
equation (4)) we obtain the following three equations: 
tT,p = - PtTi(sq2/2), (7) 
‘njVip = - PSq2 ‘&V,tj , (8) 
N’Vjp = - PSq2NjtiVitj , (9) 
It is true that the terms ‘nWV,t, and Njt’VJj are commonly called the geodesic 
and normal curvature of the streamlines and given abbreviated notation. For 
future computational purposes, however, it is more convenient to leave them 
in their present form. 
4"9/4+2 
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Since by means of Eq. (4), Eq. (5) can be written in the form 
2V,ti + tiVi In P2Sq2 = 0, 
Eqs. (5), (7), (8) and (9) may be considered as four equations in the four 
dependent variables p, Sq2, and ti. We replace Sq2 with u and obtain another 
system of equations which is equivalent to the original one, that is system (A) 
or (B) 
2V,tj + tjVi In P2u = 0, (11) 
twjp = - PtT,(u/2), (12) 
‘njV,p = - Pu ‘nQiVitj , (13) 
NV,p = - PuNWitj , (14) 
tTJ = 0. (15) 
In the coordinate system being used, we find that 
ff = ( &o,o), tp* 
Nj _ gi3 
-v 
d/33 
&kr 
‘,j s B Nkt, zzz 1 - -(-&29&l, (9, 
Axllg33 
(16) 
where gij and gij are covariant and contravariant components of the metric 
tensor and g = 1 g,, 1 . Applying the basic formula 
to the first term of Eq. (11) and substituting for tj from (16) Eq. (11) becomes 
-- ;; a:1 li--& + -2-A In P2u = 0. 61 ax 
Since x1 = p, this may be written 
(a/w ln(P2&ll) = 0. 
Similarly Eq. (12) may be written 
2 + fyaqap) = 0. 
(17) 
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Equations (13) and (14) of system (B) may also be written in a form involv- 
ing only P, u, and metric tensor quantities by making use of the basic 
formula 
where I’; is a Christoffel symbol of the second kind. Substituting from (16) 
for ‘ni, Ni, and ti in Eqs. (13) and (14) solving for g,, , making use of formula 
(18) and the facts that Vlt, = 0 and I’j:glI = $(ag,,/axi) [ll, p. 981, we see 
that (13) and (14) may finally be written 
Recognizing that t2 = t3 = 0 and (15) imply that S depends on x2 and x3 
only, we see that from the dynamical equations we have derived the following 
system of Eqs. (C): 
(19) 
C-21) 
(22) 
s = S(x2, x3). (23) 
On the other hand, each step in deriving (C) from (A) is reversible. So for a 
steady nonviscous nonheat-conducting compressible flow in the absence of 
external forces with pressure not constant along streamlines, we may draw 
the following conclusion. 
THEOREM. If two independent families of surfaces are introduced into 
Euclidean three space and the curves in which they intersect are considered to be 
curves along which p varies, then one of the families of surfaces can be taken as a 
family such that on each member x2 is constant and the other as one such that on 
each member x3 is constant. Then, if system (C) has a solution consisting of 
u = f (p, x2, x”), S = h(x2, xs) and x, y, and z as functions of p, x2, and x3, 
in a region where the Jacobian is not zero, a solution of system (A) may be obtained 
consisting of q, p, S and ti as functions of x, y and z. 
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It might be observed that Eqs. (21) and (22) can be put in a more concise 
form provided g,, and g,, are not zero, by using Eq. (20). The resulting 
equations are 
%ll __ = g12 6 In * , 
ax2 
ah - = g,, 6 In e . 
ax3 
(24) 
(25) 
In the remainder of this paper, however, we analyze situations in which 
gra = 0 and, for this reason, leave system (C) as formulated. 
SYSTEM OF EQUATIONS (C) IN THE PLANE FLOW CAKE 
Now we proceed to obtain a class of plane flows using system (C). First 
we choose a coordinate system that is a special case of the one mentioned 
in our reformulation of the dynamical equations. 
We may choose, as two of our families of coordinate surfaces, two families 
of cylinders, one having isobars for directrices and the other having stream- 
lines as directrices. On these x1 = p and x3 = S are constant, respectively. 
To complete the coordinate system, we choose planes parallel to the xy-plane 
as the third coordinate family with x2 = x constant on these surfaces. As 
long as pressure is not constant on the streamlines, the coordinate system is 
complete. 
THE METRIC TENSOR 
The rectangular Cartesian coordinate system with x, y, z coordinates and 
the coordinate system introduced in the previous section are related by the 
transformation 
x = x(p, S), Y = Y(P% 9, z = x2, 
where we assume that the Jacobian 
J = xeys - XSY~, f 0. 
The metric tensor is given by 
( 
x1D2 fYP2 0 xpxs + YPYS 
(gij) = 0 1 0 > 
x9x.Y fY9Ys 0 xs2 + Ys2 ) 
(25-a) 
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where the determinant of this matrix is 
g = (%JYs - Yp%)2* (25-b) 
Since g,, = 0 and g,, is independent of x2, Eq. (21) of system (C) is 
identically satisfied. We assume g,, # 0 and hence replace equation (22) by 
(25). This requirement that g,, # 0 implies that the isobars and streamlines 
are not perpendicular. If, however, they were perpendicular, Vp and t would 
be parallel, % * Vp would be zero and from Eq. (6) we see that K = 0. Thus 
the assumption that g,, # 0 excludes plane flows in which the streamlines 
are straight from our consideration. Upon solving for 
a In-!!- 
aP g11 ' 
we obtain 
$ln(+)=&(-$-&-2%). 
Next, we substitute the metric tensor components and simplify. This yields 
Substituting for g and g,, from (25-b), and (25-a), respectively, Eq. (19) 
becomes 
Thus we have the following result. 
THEOREM. The problem of finding a planeJEow in which isobars and stream- 
lines are distinct is the problem of jindingfinctions x(p, S), y(p, S) and u(p, S) 
which satisfy 
$1, * 
XP2 + Yp2 = 
- s%PQ + YPPYS) 
xtJ.s +YlJYs ’ 
(26) 
a Pw%Ys - YllXd2 
ap [ %I2 + Ys2 1 = 0 , (27) 
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A CLASS OF PLANE FLOWS OBTAINED BY A SEPARATION OF 
VARIABLE TECHNIQUE 
We now attempt to find functions x(p, S) y(p, S) and u(p, S) satisfying 
Eqs. (26~(28) under the assumption that x = a(p) and y = p(p) y(S). With 
x and y of this form, substitution into (26) and integration yield 
u = f”(S) @D2 + Yv2) 
Yz, 
2 2 (29) 
wheref2(S) is an arbitrary positive function. 
Substituting from (29) and (27), simplifying, and integrating we obtain 
where h(S) is an arbitrary function. Substituting in terms of a(p), /3(p) and 
y(S) and following the usual separation of variable techniques 
B,(p) = PCP~‘(P) ) 
B(P) 
Y’(S) h(S) 
-=qo’ Y(S) 
(31) 
(32) 
where K is a separation constant. 
By a similar procedure, beginning with equation (28) we obtain the two 
equations 
_rt_a2 R 
( 1 4 P’(P) =po’ (33) 
Yv> = - ;f”w (34) 
where R is a negative separation constant. 
Thus we have four Eqs. (31)-(34) imposing restrictions on m(p), p(p), y(S) 
and the functions of integration f(S) and h(S). 
Upon eliminating a’(p) from Eqs. (31) and (33) and integrating, we find 
that 
k2 
P”(p) = P”(p) [Rz(p) + c;] ’ (35) 
where I(p) is an integral of l/P(p) and C, is a constant of integration chosen 
such that RI(p) + C, > 0 in the region of flow being considered. 
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We now proceed to find a(p) by logarithmic differentiation of (35), followed 
by substitution for /3’(p)/fl(p) in (31) and integration. This yields 
+ c, , (36) 
where C, is a constant of integration. 
Now, if we can choose the arbitrary functions f(S) and h(S) and the con- 
stants k, R such that Eqs. (32) and (34) can both be satisfied we will have a 
solution to the system of Eqs. (26)-(28). Taking the logarithmic derivative 
of (34) yields 
Y’(S) f’(S) 
yO=fo 
Equation (32) then implies that 
h(S) = kf’(S). 
Consequently, choosingf(S) and k determines h(S). 
Summary of Method of Solution 
We may obtain a plane flow satisfying Eqs. (26)-(28) by proceeding 
according to the following steps: 
(1) Pick an arbitrary function f (S) and two constants k and R (R < 0). 
Then y(S) is determined by (34). I n order for the Jacobian to be different 
from zero, f(S) must not be a constant function. 
(2) Choose constants C, and C’s with C, such that H(p) + C, > 0. 
Then, determine a(p) from (36) and /3(p) f rom (35). Care must be exercised 
in choosing C, and R (of first step) so that /3’(p) is not zero. 
(3) Finally, u(p, S) is determined from (29). 
It is of interest to note that in these flows the constant pressure surfaces 
are parallel planes. 
AN EXAMPLE 
As an illustration of the procedure for finding a flow outlined in the last 
section, let us consider the case of a polytropic gas. Thus we set P(p) = plly 
in Eq. (l), and, in particular, we will choose y = Q. If R is chosen equal to 
-2, then 
RI(p) + Cl = - 6P1/3 + C, . 
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With k chosen to be 1, we find from Eq. (36) that 
49 = p-2’3 + i’ p,,,($~ 6p1,3) t c, . 
Upon performing the indicated integration, we have 
4P) = P3 + $- [-$- ln c 
1 1 
plIpl13 --j&l + C, .  
From Eq. (35) we see that 
/P(p) = $-“/“(Cl - 6#~l/~)-l. 
To find z@, S) we first find x, = a’(p) and yz, = y(S)/?(p). Then, after 
pickingf(S), we substitute into (29). Iff(S) is chosen to be S, then y(S) = S, 
and this procedure yields the following results: 
6 1 2 
'ZJ - C,p(C, - @l/3) + - - -' C1p4/3 3ps/a 
S(15p1/3 - 2C,) 
YSJ = * 3p5/3(Cl - @l/3)3/2 ’ u(p, S) = S2 + Cl - 6p1i3. 
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